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By use of the exact diagonalization method, the quantum phase transition and en-
tanglement in a 6-Li atom system are studied. It is found that entanglement appears 
before the quantum phase transition and disappears after it in this exactly solvable 
quantum system. The present results show that the von Neumann entropy, as a 
measure of entanglement, may reveal the quantum phase transition in this model. 
quantum phase transition, entanglement, von Neumann entropy 
The quantum phase transition (QPT) driven by a varying magnetic field or pressure is a phase 
transition of quantum systems[1]. The novel phenomena, which have been found in QPT and do not 
exist in the thermal phase transition, have stimulated much theoretical investigation on QPT in 
quantum multi-body systems. Entanglement, as one of the most interesting features of quantum 
theory, is regarded as a valuable resource in the science of quantum communication[2－8]. Therefore, 
its measurement is important for quantum communication. The von Neumann entropy, one of the 
most important measurements, has been used for quantum entanglement[9,10]. Recently, QPT was 
studied in connection with the entanglement[11－20]. It was proposed that QPT is usually considered 
to be connected with the point of extremum, singularity or discontinuity for the entanglement. 
However, a large number of results have been achieved based on the observation that QPT is 
characterized through nonanalyticities of the density matrix of an appropriate subsystem[21－26]. 
Because of the complexity of quantum multi-body systems, much attention has been paid to 
QPT in some small quantum systems (such as a pair of qubits, two-spin system, and three-spin 
system)[27－30] which are considered as the keys to access to the multi-body QPT. In this paper, the 
QPT and entanglement (von Neumann entropy) are accurately calculated and the relationship 
between them is discussed in a 6-Li atom system which is a typical small quantum system and may 
be easily realized under the experimental condition. 
1  Quantum phase transition 
This part introduces the materials, method and experimental procedure of the author’s work, so as 
to allow others to repeat the work published based on this clear description. Actually, in a 6-Li 
atom system, the electrons have total spin-1/2 and the nucleus has spin-1. We consider the system 
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spin-1/2 and spin-1 in a magnetic field with the corresponding Hamiltonian: 
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where 1s  refers to the Pauli matrices for spin-1/2 and 2s  denotes the spin operators for spin-1, 
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and B is the strength of magnetic field. In this paper, the spin-1/2 subsystem is denoted by ­  and 
¯  while the spin-1 subsystem is denoted by ,Ý  0  and ,ß  then the whole system may 
be expressed by six base vectors: ,­Ý  0 ,­  ,­ß  ,¯Ý  0 ,¯  and .¯ß  
The matrix form of the Hamiltonian is written as 
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 (2) 
It is easy to obtain the eigenvectors and eigenvalues of the system, and the eigenvalues are 
shown in Figure 1. It will be seen that there is a level crossing where an excited level becomes the 
ground state at 2 ,B J=  creating a point of non-analyticity of the ground state energy. And this is 
the QPT in our 6-Li atom system. 
In details, when 2 ,B J>  the minimal eigenvalue of this system is 2 .B J- +  
The correspondence eigenvector 
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and it may be rewritten into the form: 
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Figure1  The eigenvalue of the 6-Li atom system changes with B/J. B is the strength of the magnetic field. 
 
Obviously, it is a separable state and the von Neumann entropy is zero. 
When 2 ,B J<  the minimal eigenvalue of this system is  
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2  Entanglement and von Neumann entropy 
It is generally believed that there is a kind of connection between the quantum entanglement and 
QPT. We show that, for this quantum system, when the strength of magnetic field is strong enough 
( 2B J> ) the entanglement disappears after the point of QPT; while 2B J>  the entanglement 
exists. Then we will use von Neumann entropy to measure the degree of entanglement. Consid-
ering the reduced-density matrix of a subsystem tr tr ,A B Br r Y Y= =  the von Neumann en-
tropy ( )E An  may be written as 
 [ ]2( ) tr log ( ) .A AE An r r= -  (6) 
When 2 ,B J<  the reduced-density matrix is 
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By use of eqs. (6) and (7), the corresponding von Neumann entropy and its change with pa-
rameter /B J  are exactly calculated, and shown in Figure 2. It will be found that when 2 ,B J<  
the change of von Neumann entropy is not monotonic with the increase of the magnetic field B , 
but it has the maximum von Neumann entropy at .B J=  When magnetic field B increases to 
2B J>  or exceeds the point of QPT, entanglement disappears. This clearly testifies the rela-
tionship between QPT and von Neumann entropy. 
 
 
 
Figure 2  Entanglement (von Neumann entropy) of the 6-Li atom system changes with B/J. B is the strength of the magnetic 
field. 
 
3  Conclusions  
A novel method to judge the point of QPT via entanglement is proposed in this paper. QPT in the 
magnetic field and entanglement by use of von Neumann entropy in a 6-Li atom system are ac-
curately calculated. It is shown that QPT may be well described by the von Neumann entropy in 
this system, and the point at which entanglement disappears is the point of QPT. In other words, it 
is interesting that the abruptly disappearing point of entanglement is the consequence of QPT in 
this system. Therefore, the result may give an effective method for the judgement of QPT or en-
tanglement through another one of them in the quantum system. 
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